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We propose an all-linear-optical scheme to ballistically generate a cluster state for measurement-based topo-
logical fault-tolerant quantum computation using hybrid photonic qubits entangled in a continuous-discrete do-
main. Availability of near-deterministic Bell-state measurements on hybrid qubits is exploited for the purpose.
In the presence of photon losses, we show that our scheme leads to a significant enhancement in both tolerable
photon-loss rate and resource overheads. More specifically, we report a photon-loss threshold of ∼ 3.3×10−3,
which is higher than those of known optical schemes under a reasonable error model. Furthermore, resource
overheads to achieve logical error rate of 10−6(10−15) is estimated to be ∼ 8.5× 105(1.7× 107) which is
significantly less by multiple orders of magnitude compared to other reported values in the literature.
Errors during quantum information processing are unavoid-
able, and they are a major obstacle against practical imple-
mentations of quantum computation (QC) [1]. Quantum error
correction (QEC) [2] permits scalable QC with faulty qubits
and gates provided the noise is below a certain threshold. The
noise threshold is determined by the details of the implement-
ing scheme and the noise model.
Measurement-based topological fault-tolerant (FT) QC [3]
on a cluster state provides a high error threshold of 0.75%
against computational errors [4, 5]. Additionally, it can tol-
erate qubit losses [6, 7] and missing edges [8]; thus, it would
be suitable for practical large-scale QC. However, there is a
trade-off between the tolerable computational error rate, and
the tolerable level of qubit losses and missing edges. A clus-
ter state |C〉, over a collection of qubits C, is the state sta-
bilized by operators Xa
⊗
b∈nh(a)Zb, where a,b ∈ C, Zi and
Xi are the Pauli operators on the ith qubit, and nh(a) repre-
sents the adjacent neighborhood of qubit a ∈ C [9]. It has
the form: |C〉 = ∏b∈nh(a)CZa,b |+〉a |+〉b , ∀a ∈ C, where CZ
is the controlled-Z gate, |±〉= (|0〉± |1〉)/√2, and {|0〉 , |1〉}
are eigenstates of Z. Here, we consider the Raussendorf clus-
ter state |CL〉 [3] on a cubic lattice L with qubits mounted on
its faces and edges.
The linear optical platform has the advantage of quick gate
operations compared to their decoherence time [10]. Unfor-
tunately, schemes based on discrete variables (DV) like pho-
ton polarizations suffer from the drawback that the entangling
operations (EOs), typically implemented by Bell-state mea-
surements, are nondeterministic [11]. This leaves the edges
corresponding to all failed EOs missing, and beyond a cer-
tain failure rate the cluster state cannot support QC. Refer-
ences [8, 12–15] tackle this shortcoming with a repeat-until-
success strategy. However, this strategy incurs heavy resource
overheads in terms of both qubits and EO trials, and the over-
heads grow exponentially as the success rate of EO falls [8].
Moreover, conditioned on the outcome of the EO, all other re-
dundant qubits must be removed viameasurements [14] which
would add to undesirable resource overheads. These schemes
also require active switching to select successful outcomes of
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EOs and feed them to the next stage, which is known to have
an adverse effect on the photon-loss threshold for FTQC [16].
DV-based optical EOs have a success rate of 50% that can
be further boosted with additional resources like single pho-
tons [17], Bell states [18] and the squeezing operation [19].
Reference [20] uses EOs with boosted success rate of 75% to
build cluster states. This can be further enhanced by allotting
more resources. Coherent-state qubits, composed of coherent
states |±α〉 of amplitudes ±α , enable one to perform nearly
deterministic Bell-state measurements and universal QC using
linear optics [21, 22], while this approach is generally more
vulnerable to losses [10, 23]. Along this line, a scheme to
generate cluster states for topological QC was suggested, but
the value of α required to build a cluster state of sufficiently
high fidelity is unrealistically large as α > 20 [24]. A hybrid
qubit using both DV and continuous-variable (CV) states of
light, i.e., polarized single photons and coherent states was
introduced to take advantages of both the approaches [25].
We propose an all-linear-optical measurement-based FT
hybrid topological QC (HTQC) scheme on |CL〉 of hybrid
qubits. The logical basis for a hybrid qubit is defined as
{|α〉 |H〉 ≡ |0L〉 , |−α〉 |V〉 ≡ |1L〉}, where |H〉 and |V〉 are
single-photon states with horizontal and vertical polarizations
in the Z direction. The issues with indeterminism of EOs on
DVs [8, 13–15] and poor fidelity of the cluster states with
CVs [24] are then overcome. Crucial to our scheme is a near-
deterministic hybrid Bell-state measurement (HBSM) on hy-
brid qubits using two photon number parity detectors (PN-
PDs) and two on-off photodetectors (PDs), which is distinct
from the previous version that requires two additional PDs to
complete a teleportation protocol [25]. We only need HBSMs
acting on three-hybrid-qubit cluster states to generate |CL〉
without any active switching and feed-forward. The outcomes
of HBSMs are noted to interpret the measurement results dur-
ing QEC and QC. In this sense, our scheme is ballistic in na-
ture. Both CV and DV modes of hybrid qubits support the
HBSMs to build |CL〉, while only DV modes suffice for QEC
and QC. This means that only on-off PDs for DV modes are
required once |CL〉 is generated. In addition, photon loss is
ubiquitous [10] that causes dephasing such as in [23, 25, 26].
We analyze the performance of our scheme against photon
losses and compare it with the known all-optical schemes.
Physical platform for |CL〉.— To ballistically build a |CL〉,
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FIG. 1. (a) Bα acts on CV modes and fails when neither of the two
PNPDs click. The failure rate of a Bα on the hybrid qubits is e−2α
2
.
Bs acts on DV modes and is successful with probability 1/2 only
when both the PDs click. (b) The three-hybrid-qubit cluster with one
unfilled circle represents |C3〉, while that with two represents |C3′〉 in
Eq. (B1). An unfilled circle means a difference by a Hadamard trans-
form from the original three-qubit cluster (see Appendix B). Success
of both HBSMs creates a star cluster |C∗〉 and other cases lead to
distorted star clusters as shown.
we begin with hybrid qubits, in the form (|H〉 |α〉+ |V〉 | −
α〉)/√2 = (|0L〉+ |1L〉)/
√
2≡ |+L〉, as raw resources of our
scheme. In fact, this type of hybrid qubits and with slight
variant forms (with the vacuum and single photon instead of
|H〉 and |V 〉) were generated in recent experiments [27–29],
which can also be used for QC in the same way as in [25]
even with higher fidelities and success probabilities of tele-
portation [30]. A hybrid qubit can also be generated using
a Bell-type photon pair, a coherent-state superposition, linear
optical elements and four PDs [31].
The HBSM introduced in this Letter consists of two types
of measurements, Bα and Bs, acting on CV and DV modes,
respectively. A Bell-state measurement for coherent-state
qubits [32], Bα , comprises of a beam splitter (BS) and two
PNPDs, whereas Bs has a polarizing BS (PBS) and two PDs
as shown in Fig. 1(a). The failure rate for an HBSM turns
out to be p f = e−2α
2
/2 (see Appendix A and also [25]) that
rapidly approaches zero with growing α . The first and only
nondeterministic step of our protocol is to prepare two kinds
of three-hybrid-qubit cluster states,
|C3〉abc =
1
2
( |0L〉a |0L〉b |0L〉c+ |0L〉a |0L〉b |1L〉c
+ |1L〉a |1L〉b |0L〉c−|1L〉a |1L〉b |1L〉c
)
,
|C3′〉abc =
1√
2
( |0L〉a |0L〉b |0L〉c+ |1L〉a |1L〉b |1L〉c ) (1)
using four hybrid qubits, two Bα ’s and a BI as detailed in Ap-
pendix B . (Here, BI is a type-I fusion gate using two PBSs,
two PDs and a pi/2-rotator, of which the success probability
: 
: 
FIG. 2. (a) When connecting |C∗〉’s, a successful HBSM creates an
edge between hybrid qubits whereas a failed HBSM leaves the edge
missing. (b) 3D illustration of building two layers of |CL〉 for practi-
cal HTQC with |C∗〉’s and HBSMs to connect them. (c) A diagonal
edge is created due to failure of an HBSM corresponding to |C∗〉 and
a missing edge is due to failure of an HBSM while connecting them.
A single layer of |CL〉 is shown for convenience, and Mz is measure-
ment in Z-basis.
is 1/2. See Appendix A for details.) As shown in Fig. 1(b), an
HBSM is performed on modes 2 and 4 of |C3〉123 and |C3′〉456,
and the other HBSM is performed similarly between |C3′〉456
and |C3〉789, which produces a star cluster, |C∗〉, with a high
success probability. Simultaneously, the star clusters are con-
nected using HBSMs to form layers of |CL〉 as depicted in
Fig. 2(b). As the third dimension of |CL〉 is time simulated,
in practice only two physical layers suffice for QC [4].
Notably, different outcomes of HBSMs and failures dur-
ing this process can be compensated during QEC as explained
below. As HBSMs have four possible outcomes from Bα ,
the built cluster state is equivalent to |CL〉 up to local Pauli
operations. This can be compensated by accordingly mak-
ing bit flips to the measurement outcomes during QEC. This
is achieved by classical processing and no additional quan-
tum resources are required. As shown in Fig. 1(b), failure(s)
of HBSMs result(s) in a deformed star cluster with diagonal
edge(s) instead of four proper edges stretching from the cen-
tral qubit. The final cluster state |CL〉 inherits these diagonal
edges as shown in Fig. 2(c) with a disturbed stabilizer struc-
ture. However, failures of HBSMs are heralded, which reveals
the locations of such diagonal edges. These diagonal edges
can be removed by adaptively measuring the hybrid qubits in
Z-basis (MZ), as shown in Fig. 2(c), restoring back the sta-
bilizer structure of |CL〉. Failure of HBSMs for connecting
|C∗〉’s simply leaves the edges missing as shown in Fig. 2(a)
without distorting the stabilizer structure.
Noise model.— Let η be the photon-loss rate due to imper-
fect sources and detectors, absorptive optical components and
storages. In HTQC, the effect of photon loss is threefold (see
3Appendix C and also [25]) that (i) causes dephasing of hybrid
qubits i.e., phase-flip errors Z, a form of computational error,
with rate pZ = [1− (1−η)e−2ηα2 ]/2, (ii) lowers the success
rate of HBSM and (iii) makes hybrid qubits leak out of the
logical basis. Quantitatively, p f increases to (1+η)e−2α
′2
/2,
where α ′ =
√
1−ηα . Thus, for a given η and growing α we
face a trade-off between the desirable success rate of HBSM
and the detrimental dephasing rate pZ .
Further, like the type-II fusion gate in [33], Bs does not in-
troduce computational errors during photon loss. However,
the action of Bα on the lossy hybrid qubits introduces addi-
tional dephasing as shown in as shown in the Appendix C 1.
To clarify, like DV schemes [15], photon loss does not imply
hybrid-qubit loss. In many FTQC schemes η has a typical op-
erational value of∼ 10−3 (on the higher side) [13, 26, 34, 35],
i.e., η 1. The probability of hybrid-qubit loss due to photon
loss, ηe−α ′2 (the overlap between a lossy hybrid qubit and the
vacuum), is then very small compared to p f and negligible to
HTQC.
Measurement-based HTQC.— Once the faulty cluster state
is built with missing and diagonal edges, and phase-flip errors
on the constituent hybrid qubits, measurement-based HTQC
is performed by making sequential single-qubit measurements
in X and Z bases. A few chosen ones are measured in Z-basis
to create defects, and the rest are measured in X-basis for error
syndromes during QEC and for effecting the Clifford gates on
the logical states of |CL〉. For Magic state distillation, mea-
surements are made in (X ±Y )/√2 basis [3–5]. All these
measurements are accomplished by measuring only polariza-
tions of DV modes in the respective basis. These measurement
outcomes should be interpreted with respect to the recorded
HBSM outcomes as mentioned earlier.
Simulations.— Simulation of topological QEC is performed
using AUTOTUNE [36] (see Appendix D for a brief descrip-
tion). Only the central hybrid qubit of |C∗〉 remains in the
cluster and the rest are utilized by HBSMs. The |C∗〉’s are
arranged as shown in Fig. 2. Next, all hybrid qubits are sub-
jected to dephasing of rate pZ following which EOs are per-
formed using HBSMs. The action of Bα in HBSM dephases
the adjacent remaining hybrid qubits, which can be modeled
as applying {Z ⊗ I, I ⊗ Z} with rate pZ . The technical de-
tails of the action of Bα under photon loss are presented in
the Appendix C 1. This concludes the simulation of build-
ing noisy |CL〉. Further, the hybrid qubits waiting to undergo
measurements as a part of QEC attract dephasing, and rate
pZ again is assigned. During QEC, X-measurement outcomes
used for syndrome extraction could be erroneous. This er-
ror too is assigned rate pZ . Due to photon losses, the hybrid
qubits leak out of the logical basis failing the measurements
on DV modes. This leakage is also assigned pZ , which only
overestimates η .
One missing edge due to failed HBSMs can be mapped to
two missing hybrid qubits [8]. Improving on this, by adap-
tively performing MZ (Fig. 2(c)) on one of the hybrid qubits
associated with a missing edge, this edge can be modeled with
a missing qubit [37]. Then, QEC is carried out as in the case
of missing qubits [6]. In constructing |CL〉, an equal num-
FIG. 3. (a) Logical error rate pL is plotted against the dephasing
rate pZ for coherent-state amplitude αopt = 1.247 and code distances
d = 3,5,7. The intersecting point of these curves corresponds to the
threshold dephasing rate pZ,th. (b) The tolerable photon-loss rate
ηth is plotted against coherent-state amplitude α . The behavior of
the curve is due to the trade-off between the success rate of HBSM
and dephasing rate pZ with growing α . As we increase α , both the
success rate and pZ increase; but the former dominates and leads to
an increase in ηth. When α > 1.247, pZ dominates and causes ηth to
decrease. Compared to the non-topoligical HQQC [25], HTQC has
an order of higher value for ηth.
ber of HBSMs are required for building |C∗〉 and for connect-
ing them. A failure of an HBSM during the former process
corresponds to two hybrid-qubit losses, and the latter case to
one (Fig. 2(c)). Therefore, on average 1.5 hybrid qubits per
HBSM failure are lost. Percolation threshold for |CL〉 is 0.249
fraction of missing qubits [6, 38, 39], which corresponds to
α ≈ 0.7425 (when no computational error is tolerated, i.e.,
η = 0), the critical value of α below which HTQC becomes
impossible.
Results.— The logical error rate pL (failure rate of topolog-
ical QEC [4]) was determined against various values of pZ for
|CL〉 of code distances d = 3,5,7. This was repeated for var-
ious values of p f which correspond to different values of α .
Figure 3(a) shows the simulation results for αopt = 1.247 in
which the intersection point of the curves corresponds to the
threshold dephasing rate pZ,th. The photon-loss threshold ηth
is determined using the expression for pZ .
Figure 3(b) shows the behavior of ηth with α . Owing to the
trade-off between p f and pZ , the optimal value for HTQC is
αopt≈ 1.25 which corresponds to ηth≈ 3.3×10−3 and pZ,th≈
6.9× 10−3. The value of ηth for 0.8 ≤ α ≤ 2 is on the order
of 10−3, which is an order greater than the non-topological
hybrid-qubit-based QC (HQQC) [25] and coherent state QC
(CSQC) [23]. HTQC also outperforms the DV based topolog-
ical photonic QC (TPQC) with ηth ≈ 5.5×10−4 [15]. Multi-
photon qubit QC (MQQC) [26], parity state linear optical
QC (PLOQC) [34] and error-detecting quantum state trans-
fer based QC (EDQC) [35] provide ηth’s which are less than
HTQC but of the same order as illustrated in Fig. 4(a). In
addition, η and the computational error rates are independent
in [13, 34, 35], while these two quantities are related in our
scheme and Refs. [23, 25, 26]. Also in the former schemes
the computational error is dephasing in nature, and in the lat-
ter schemes it is depolarizing. In fact, ηth’s claimed by optical
cluster-state QC (OCQC) [13], PLOQC, EDQC and TPQC are
valid only for zero computational error. This is unrealistic be-
4FIG. 4. (a) Optimal photon-loss threshold ηth for various QC
schemes. It should be noted that ηth’s of OCQC, PLOQC, EDQC
and TPQC (dashed borders) are valid only for zero computational
error, which is physically unachievable. Other schemes evaluate
optimal ηth at nonzero computational errors naturally related to
η . (b) Resource overhead N to achieve logical error rate pL ∼
10−6(blue shorter bars) and pL ∼ 10−15(orange taller bars) in terms
of the average numbers of hybrid qubits (HTQC), entangled pho-
ton pairs (OCQC and EDQC), coherent-state superpositions (CSQC)
from our analysis and published data in [13, 23, 35]. For CSQC data
only for pL ∼ 10−6 is available [23]. Obviously, HTQC is practi-
cally favorable for large scale QC both in terms of ηth and N. See
Appendix E for more details of comparisons.
cause photon losses typically cause computational errors. For
the computational error rate as low as 8× 10−5, ηth = 0 in
OCQC. Thus, for non-zero computational errors, HTQC also
outperforms OCQC due to its topological nature of QEC.
To estimate the resource overhead per gate operation, we
count the average number of hybrid qubits N required to build
|CL〉 of a sufficiently large side length l, where the desired
value of l depends on the target pL. The length l is deter-
mined such that |CL〉 can accommodate defects of circumfer-
ence d which are separated by distance d [7]. For this, the
length of sides must be at least l = 5d/4. Extrapolating the
suppression of pL with code distance, we determine the value
of d required to achieve the target pL using the expression
pL = a′/[(a/a′)(d−da′ )/2] [7], where a and a′ are values of pL
corresponding to the second highest and the highest distances,
da and da′ , chosen for simulation. Once d is determined, N
can be estimated as follows. Recall that two |C3〉’s and a |C3′〉
are needed to build a |C∗〉. On average, 8/[(1− e−2α ′2)2] hy-
brid qubits are needed to create a three-hybrid-qubit cluster
( as shown in Appendix B) and a total of 24/[(1− e−2α ′2)2]
hybrid qubits for a |C∗〉. Each |C∗〉 corresponds to a single
hybird qubit in the |CL〉 and thus the number of |C∗〉’s needed
is 6l3. Finally, on average, 1125d3/[4(1− e−2α ′2)2] hybrid
qubits are incurred. For the optimal value of αopt ≈ 1.25,
from Fig. 3(a) we have a ≈ 4.4× 10−4, a′ ≈ 7.9× 10−5 and
da′ = 9; using these in the expression for pL we find that
d ≈ 14 (38) is needed to achieve pL ∼ 10−6 (10−15). This
incurs N ≈ 8.5×105 (1.7×107) hybrid qubits.
Comparisons in Fig. 4(b) and in Appendix E show that
HTQC incurs resources significantly less than all the other
schemes under consideration. As an example, for the case
of TPQC, we find a = 0.065 and a′ = 0.059 from Fig. 7(a)
of [15], where the figure considers only computational errors.
Thus, TPQC under computational errors needs d = 225 (621)
to attain pL ∼ 10−6 (10−15). Since a qubit in TPQC needs
2R+ 1 photons on average as resources [15], we obtain N =
(2R+1)×6(5d/4)3 (derived in Appendix E), where R= 7 for
maximum ηth [15]. We then find N = 2×109 (4.2×1010) for
TPQC, and it must be even larger when qubit losses are con-
sidered together with computational errors (see Appendix E
for an elaborate discussion).
Discussion.— Our proposal permits the construction of
cluster states with very few missing edges that subsequently
support QEC and QC only with photon on-off measurements.
We simulated its performance and found that our scheme
is significantly more efficient than other known schemes in
terms of both resource overheads and photon-loss thresholds
(Fig. 4), especially when exceedingly small logical error rates
are desired for large-scale QC. We have considered measure-
ments only on DV modes of hybrid qubits for QEC. However,
measurements on CV modes can also be used, which will
significantly reduce leakage errors and improve the photon-
loss threshold. The scheme requires hybrid qubits of α ≈√
2× 1.25 as raw resource states, which can in principle be
generated using available optical sources, linear optics and
photodetectors [28, 29, 31].
One may examine other decoders tailored to take advan-
tage of dephasing noise instead of minimum weight perfect
match [40], such as in [41], for improvement of the photon-
loss threshold. Different single-qubit noise models [42] may
be considered to study the performance of HTQC. A sideline
task would be in-situ noise characterization using the avail-
able syndrome data [43–46]. The procedure proposed here to
build complex hybrid clusters can also be used to build lattices
of other geometries for QC [20, 47, 48] and other tasks such
as communication [49].
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Appendix A: Bell State Measurement on hybrid qubits
The hybrid-Bell state measurement (HBSM) depicted in
Fig. 1(a) of the main Letter is composed of two types of mea-
surements, Bα and Bs, acting on the CV and DV modes, re-
spectively. The Bα is successful with four possible outcomes
that projects the input states of two hybrid qubits onto one of
5the four possible hybrid-Bell sates [25]:∣∣ψ±〉= 1√
2
(|α,α〉 |H,H〉± |−α,−α〉 |V,V〉),∣∣φ±〉= 1√
2
(|α,−α〉 |H,V〉± |−α,α〉 |V,H〉). (A1)
Action of Bα results as clicks: (even, 0), (odd, 0), (0,
even) and (0, odd) on the two photon number parity detec-
tors (PNPD), shown in Fig. 1 (a) of the primary manuscript,
when projected on to |ψ+〉, |ψ−〉, |φ+〉 and |φ−〉, respec-
tively. To see the relation between the clicks on the PN-
PDs and the hybrid-Bell states, pass the continuous variable
(CV) modes through the beam splitter (BS). The states trans-
form as |ψ±〉 → 1√
2
(|H,H〉+ |V,V〉)(|√2α〉± |−√2α〉) |0〉,
|φ±〉 → 1√
2
(|H,V〉+ |V,H〉) |0〉(|√2α〉 ± | −√2α〉). How-
ever, there is a possibility of having no clicks on both the PN-
PDs resulting in failure of the Bα . The probability of failure
of Bα on hybrid qubits is e−2α
2
.
In spite of failure of the Bα , it is still possible to carry out
the Bell measurements using Bs on the discrete variable (DV)
modes of the hybrid qubits. The operation Bs performs pro-
jection onto the states of (|H,H〉± |V,V〉)/√2 and is success-
ful with probability 1/2 only when both the photon detectors
(PD) click together. The HBSM on hybrid qubits fails only
when both Bα and Bs fail. Therefore, the probability of fail-
ure of HBSM is 12e
−2α2 which rapidly approaches to zero as
α grows.
Appendix B: Generation of off-line resource states
Two kinds of three-hybrid-qubit cluster states,
|C3〉= 12
( |α,α,α〉 |H,H,H〉+ |α,α,−α〉 |H,H,V〉
+ |−α,−α,α〉 |V,V,H〉− |−α,−α,−α〉 |V,V,V〉) ,
|C3′〉=
1√
2
( |α,α,α〉 |H,H,H〉+ |−α,−α,−α〉 |V,V,V〉)(B1)
are used as offline resources to ballistically generate the
Raussendorf lattice |CL〉. Equation (B1) is an alternative
expression of Eq. (1) of the main manuscript where |0L〉 =
|α〉 |H〉 , |1L〉 = |−α〉 |V〉. These two states |C3〉 and |C3′〉
are the trsnsformation of the the linear 3-hybrid-qubit cluster
state [9] as shown in Fig. 5 with all the hybrid-qubits filled.
The linear 3-hybrid-qubit cluster state [9] has the form:
1
2
√
2
( |0L,0L,0L〉+ |0L,0L,1L〉+ |0L,1L,0L〉− |0L,1L,1L〉
+ |1L,0L,0L〉+ |1L,0L,1L〉− |1L,1L,0L〉+ |1L,1L,1L〉
)
.
We note that two kinds of off-line resource states are needed
to generate larger cluster states via HBSMs because the
Hadamard gate should be acted on one of the two input hy-
brid qubits [48]. Otherwise, the resulting states would be GHZ
states rather than the desired cluster states. One can also verify
this straightforwardly. It is important to note that the transfor-
mation shown in Fig. 5 or |C3〉↔ |C3′〉 is not possible via local
operations on the hybrid qubits. To circumvent this issue, two
types of qubit clusters |C3〉 and |C3′〉 need to be generated in-
dependently. This strategy is also efficient as creation of the
linear 3-hybrid-qubit cluster states needs more hybrid qubits,
Bα s and BI’s.
FIG. 5. Schematic diagram representing the transformation of 3-
hybrid-qubit cluster state into |C3〉 and |C3′〉. H1 and H3 are the
Hadamard operations on the first and the third (from the left) modes
of the hybrid qubit, respectively. A unfilled circle represents the ac-
tion of a Hadamard transform.
FIG. 6. BI is an entangling operation, which acts on the DV modes of
hybrid qubits and outputs one mode. Two PDs follow two polarizing
beam splitter (PBS) with two pi/2-rotators (wave plates) as shown in
the figure. BI is successful with probability 1/2 only when one of
the PDs clicks.
The state |C3〉 is generated by entangling three |+
√
2α
L 〉’s
(hybrid qubit with CV mode of amplitude
√
2α) and a |+L〉
using two Bα ’s and a BI. As shown in Fig. 6, BI has two
polarizing BSs (PBS), pi2 -rotators and and two photon detec-
tors (PD). PBS transmits |V〉 and reflects |H〉. BI performs the
operation |H〉〈H,H|+ |H〉〈H,V|+ |V〉〈V,H|− |V〉〈V,V| which
succeeds with probability 1/2 only when one of the PDs click.
Instances with no click and both PDs clicking are failures.
Hybrid qubits are initialized as |+
√
2α
L 〉 ⊗ |+
√
2α
L 〉 ⊗ |+L〉 ⊗
|+
√
2α
L 〉 and passed on to beam splitters as shown in Fig. 7.
The resulting state of the hybrid qubits is
6|α,α,α,α,α,α,α〉 |H,H,H,H〉
+ |α,α,α,α,α,−α,−α〉 |H,H,H,V〉
+ |α,α,α,α,−α,α,α〉 |H,H,V,H〉
+ |α,α,α,α,−α,−α,−α〉 |H,H,V,V〉
+ |α,α,−α,−α,α,α,α〉 |H,V,H,H〉
+ |α,α,−α,−α,α,−α,−α〉 |H,V,H,V〉
+ |α,α,−α,−α,−α,α,α〉 |H,V,V,H〉
+ |α,α,−α,−α,−α,−α,−α〉 |H,V,V,V〉
+ |−α,−α,α,α,α,α,α〉 |V,H,H,H〉
+ |−α,−α,α,α,α,−α,−α〉 |V,H,H,V〉
+ |−α,−α,α,α,−α,α,α〉 |V,H,V,H〉
+ |−α,−α,α,α,−α,−α,−α〉 |V,H,V,V〉
+ |−α,−α,−α,−α,α,α,α〉 |V,V,H,H〉
+ |−α,−α,−α,−α,α,−α,−α〉 |V,V,H,V〉
+ |−α,−α,−α,−α,−α,α,α〉 |V,V,V,H〉
+ |−α,−α,−α,−α,−α,−α,−α〉 |V,V,V,V〉 . (B2)
Upon successful Bα (2,3) and Bα (5,6)with respective out-
comes, say |ψ+〉 and |ψ+〉, the state in Eq. (B2) reduces to
|α,α,α〉 |H,H,H,H〉+ |α,α,−α〉 |H,H,V,V〉+
|−α,−α,α〉 |V,V,H,H〉+ |−α,−α,−α〉 |V,V,V,V〉 ,
where Bα (n,m) represents the action of Bα on n-th and m-th
CV modes as shown in the Fig. 7. Further, with the successful
BI(2,3) (DV modes 2 and 3 being the inputs as shown in the
Fig. 7) we get
|C3〉= |α,α,α〉 |H,H,H〉+ |α,α,−α〉 |H,H,V〉+
|−α,−α,α〉 |V,V,H〉− |−α,−α,−α〉 |V,V,V〉 . (B3)
Note that for other possible measurement outcomes on Bα
and BI, the |C3〉 will be equivalent up to local Pauli oper-
ations. The local operations to be performed upon getting
different measurement comes are listed in Table I. The log-
ical Pauli operations on hybrid qubits can be accomplished
with the polarization rotator on the DV mode and the pi-phase
shifter on the CV mode. XL: |α〉↔ |−α〉 , |H〉↔ |V〉 and ZL:
|H〉→ |H〉, |V〉→−|V〉 with no need for action on |α〉. These
local operations are used only in creating the offline resource
states, which is not a ballistic process.
Similarly, state |C3′〉 can be generated by removing the pi/2-
rotator at the input of the BI in Fig. 6. Here, the only other
possible outcome on the Bα s is |ψ−〉, in which case the rela-
tive phase can be changed by applying a ZL for the measure-
ment outcome combination {|ψ±〉 , |ψ∓〉}. The kets |C3〉 and
|C3′〉 are created only when the operations Bα and BI suc-
ceed together. The probability that all the three operations
are successful is 12 (1− e−2α
2
)2. Thus, the average number
of hybrid qubits consumed for generating a |C3〉 or |C3′〉 is
8/(1− e−2α2)2.
FIG. 7. A schematic diagram to build the offline resource state
|C3〉 using two Bα ’s, one BI, three 1:1 beam splitters and four hybrid
qubits, and EO represents entangling operation. To create |C3′〉, the
pi/2-rotator at the input of the BI is removed.
Bα (2,3) Bα (5,6) BI(2,3) Local Operation∣∣ψ+〉 ∣∣ψ+〉 H/V NA/Z3∣∣ψ+〉 ∣∣ψ−〉 Z3/Z2Z3∣∣ψ+〉 ∣∣φ+〉 Z2/NA∣∣ψ+〉 ∣∣φ−〉 Z2Z3/X3Z2Z3∣∣ψ−〉 ∣∣ψ+〉 H/V Z2/NA∣∣ψ−〉 ∣∣ψ−〉 Z2Z3/Z3∣∣ψ−〉 ∣∣φ+〉 NA/Z2∣∣ψ−〉 ∣∣φ−〉 X3Z2Z3/Z2Z3∣∣φ+〉 ∣∣ψ+〉 H/V X1/X1Z1∣∣φ+〉 ∣∣ψ−〉 X2/X1Z2Z3∣∣φ+〉 ∣∣φ+〉 X1Z2/X1∣∣φ+〉 ∣∣φ−〉 X1Z2Z3/X1Z3∣∣φ−〉 ∣∣ψ+〉 H/V X2Z2Z3/X1∣∣φ−〉 ∣∣ψ−〉 X2Z2/X2∣∣φ−〉 ∣∣φ+〉 X1/X1Z2∣∣φ−〉 ∣∣φ−〉 X2/X1Z2Z3
TABLE I. The table lists the local operations to be performed upon
getting different measurement comes on Bα and BI
7Appendix C: Hybrid qubits under photon loss
The action of the photon-loss channel E on a hybrid qubit
initialized in the state ρ0 = |+L〉〈+L| is [25]
E(ρ0)= (1−η)
(
1+ e−2ηα2
2
∣∣+′〉〈+′|+
+
1− e−2ηα2
2
∣∣−′〉〈−′|)+ η
2
(
|+lk〉〈+lk|+ |−lk〉〈−lk|
)
=
(1−η)
2
(
|α ′,H〉〈α ′,H|+ |−α ′,V〉〈−α ′,V|
+ e−2ηα
2(|α ′,H〉〈−α ′,V|+ |−α ′,V〉〈α ′,H|))
+
η
2
((|α ′〉〈α ′|+ |−α ′〉〈−α ′|)⊗|0〉〈0|) (C1)
where |±′〉 = (|α ′,H〉 ± |−α ′,V〉)/√2, ∣∣±lk〉 = (|α ′〉 ±
|−α ′〉)⊗|0〉/√2 and α ′=√1−ηα with η being photon loss
rate which also models imperfect sources, detectors, or ab-
sorptive optical components. It can be seen from the Eq. (C1),
that due to photon loss the CV part is dephased, i.e., a phase
flip error Z occurs on the hybrid qubits and the loss on the
DV part makes them leak out of the logical basis. Also, due
to photon losses the success rate of the Bα reduces to (1−
e−2α ′2) and that of BI remains same. As a result, the average
number of hybrid qubits to build off-line resource states in-
creases to 8/[(1−e−2α ′2)2]. The failure rate of the HBSM, p f
increases to (1−η)e−2α ′2/2+ηe−2α ′2 = (1+η)e−2α ′2/2,
where α ′=
√
1−ηα . The first term originates from the atten-
uation of CV mode, and the second from both CV attenuation
and DV loss.
Loss-tolerance of BI: One can verify that the noisy DV
part in Eq. (B3), E⊗4(|H,H,H,H〉+ |H,H,V,V〉+ |V,V,H,H〉+
|V,V,V,V〉) is transformed in to E⊗3(|H,H,H〉+ |H,H,V〉+
|V,V,H〉− |V,V,V〉) under the action of BI. The noise chan-
nel on the resulting state is still E, implying that no additional
computational errors are introduced by BI, unlike in Ref. [16].
1. Noise by HBSM under photo-loss
FIG. 8. Typical instance of action of HBSM on the noisy hybrid
cluster states.
Let us consider the typical situation where HBSMs are used
to create entanglement between the desired hybrid qubits as
shown in the Fig. 8. Looking at only the CV part, we have
(|α,α〉+|α,−α〉+|−α,α〉−|−α,−α〉)(|α,α〉+(|−α,−α〉).
(C2)
To determine the noise on the resultant cluster state after the
action of Bα , we consider the hybrid qubits undergoing BSM
to be noisy. The resulting noisy state, in the logical basis is of
the form
1
4

1 e−4ηα2 1 e−4ηα2
e−4ηα2 1 e−4ηα2 1
1 e−4ηα2 1 e−4ηα2
e−4ηα2 1 e−4ηα2 1
 . (C3)
For the desired result of the HBSMs, the Hadamard could be
on the other hybrid qubit too where the terms in the Eq. C2
are interchanged and the resulting noisy sate is
1
4

1 1 e−4ηα2 e−4ηα2
1 1 e−4ηα2 e−4ηα2
e−4ηα2 e−4ηα2 1 1
e−4ηα2 e−4ηα2 1 1
 . (C4)
Considering both the instances of action of Bα , the resul-
tant state is the equal weighted superposition of the states in
Eqs. (C3) and (C4), and the corresponding Kraus operators for
this noisy channel EBα are
{√
1+e−4ηα2
2 I⊗ I,
√
1−e−4ηα2
4 Z⊗
I,
√
1−e−4ηα2
4 I⊗Z
}
. This noise channel EBα is used as the
noise due to entangling operation in the AUTOTUNE [36].
We observe that for η ∼ 10−3 and small values of α , pZ ≈
(1− e−4ηα2)/4. Thus, the EBα will have the following Kraus
operators {√(1−2pZ) I⊗ I, √pZ Z⊗ I, √pZ I⊗Z}.
Loss-tolerance of Bs: Now, let us move our attention to-
wards the DV part of the noisy cluster states as shown in the
Fig. 8 and study the action of Bs on them during photon loss.
One can verify that the state E
( |H,H〉+ |V,V〉)⊗ ( |H,H〉+
|H,V〉+ |V,H〉− |V,V〉) is transformed to E(|H,H〉+ |H,V〉+
|V,H〉− |V,V〉) under the action of Bs. The noise channel on
the resulting state is still E which confirms that the Bs intro-
duces no additional computational errors.
Appendix D: Short note on simulation with AUTOTUNE
To simulate topological quantum error correction (QEC) on
a noisy |CL〉, we use the software package AUTOTUNE [36]
which offers a wide range of options of noise models and the
ability to customize them. Remarkably, it allows for simula-
tion of QEC when some qubits on |CL〉 are missing. This fea-
ture allows us to simulate missing edges by mapping them to
missing qubits as explained in the main Letter. AUTOTUNE
uses the circuit model to simulate the error propagation while
building |CL〉.
A noisy |CL〉 can be simulated using AUTOTUNE in the
following way. We notice that in order to generate |CL〉, the
action of HBSMs for creating edges between the central hy-
brid qubits of |C∗〉 (see Fig. 1(b) of the main Letter) is the
equivalent to the action of controlled-Z (CZ) gates on qubits
all initialized in |+〉’s (eigenstates of Pauli-X operator with
eigenvalue +1) on the lattice in the circuit model. So, the ac-
tion of HBSMs under noise can be simulated by noisy CZ
8gates in AUTOTUNE and thereafter the whole QEC. Also,
AUTOTUNE allows for the simulation of the noise added dur-
ing the initialization of the qubits, noisy gate operations, and
error propagation through the lattice.
AUTOTUNE used for simulation is optimized compared
to the one used in Ref. [15]. In the decoding process, AU-
TOTUNE uses additional diagonal links compared to Man-
hattan lattice [36]. These diagonal links avoid the wrong
identification of error chains by the minimum-weight perfect-
match algorithm and guarantee corrections of (d − 1)/2 er-
rors to improve the accuracy in estimating the logical error
rate pL. These details are in Sec. IV of Ref. [36]. Thus
the results obtained from the simulations of the topological
QEC corresponding to code distances d = 5,7,9 are reliable
and the finite-size effect is negligible. An example for this is
Ref. [7] which uses AUTOTUNE to extrapolates the behav-
iors of higher distances from that of d = 5,7 and sometimes
d = 9.
In HTQC, mapping the missing edges (due to failed HB-
SMs) to missing qubits is a crucial part in the simulation of
QEC on a noisy |CL〉. The HBSMs are used in two cases:
(a) building star cluster |C∗〉 and (b) connecting the |C∗〉’s as
shown in Fig. 2(b) of the main Letter. In the first case, failure
of an HBSM creates a diagonal edge that must be removed
by measuring the two qubits in the Z-basis, Mz, as shown in
Fig. 2(c) of the main Letter. Thus, in the first case of fail-
ure of an HBSM, a missing edge corresponds to two missing
qubits. In the second case, failure of an HBSM leads to a
missing edge between the qubits as shown in Fig. 2(a) of the
main Letter. During QEC one of the qubits associated with
the missing edge is removed by Mz. Thus, in the second case
of failure, a missing edge corresponds to one missing qubit.
In a lattice |CL〉 of distance d, one can count that there are
6d3 qubits connected by 12d3 edges as done in Sec. VIII of
Ref. [7]. In this approach, a lattice of distance d, there are d3
unit cells, and each unit cell has effectively 6 qubits [7]. Each
face of the unit cell has four edges shared between two faces.
Thus each face has effectively two edges. Thus a unit cell has
on average 12 edges.
A star cluster state |C∗〉 corresponds to one lattice qubit, and
two HBSMs are used for building the star cluster state. Thus,
an equal number (i.e., 12d3 per lattice state |CL〉) of HBSMs
are used for creation of |C∗〉’s and for connecting them in
HTQC. Considering both the cases of usage of HBSMs, on
average 1.5 qubits are lost per HBSM failure.
As pointed out in the result section of the main Letter, the
target error rate is estimated using the suppression ratio of pL
with d. As AUTOTUNE uses the minimum-weight perfect-
match algorithm, the suppression ratio is expected to be nearly
constant when it is sufficiently away from the threshold and
d is large [7, 40]. If the suppression ratio is not constant,
resource estimation will lead to an underestimation. From
the simulation results, we have the suppression ratio between
distances 3 and 5 to be a/a′ ≈ 12.5, between 5 and 7 to be
a/a′ ≈ 6.1, and between 7 and 9 to be a/a′ ≈ 5.6. We observe
that the suppression ratio is nearly constant between distances
5 and 7 (7 and 9). Thus we choose the suppression ratio be-
tween the distances 7 and 9, i.e., a/a′ ≈ 5.6 to estimate target
pL and resource overheads.
We observe from Fig. 3(a) of the main Letter that if we
add curves of higher values of d, the threshold point pZ,th
would tend to shift towards the higher side. The same can
be observed from Fig. 10 of Ref. [4]. However, taking a
conservative approach we consider the value of pZ,th to be
6.9× 10−3, which corresponds to photon-loss threshold of
ηth = 3.3×10−3.
Appendix E: Resource efficiency of HTQC against unreported
schemes
There are no reports estimating resource N to attain a logi-
cal error rate pL of 10−6 or 10−15 for PLOQC, MQQC, HQQC
and TPQC. The first three schemes are based on the 7-qubit
Steane code which has a typical value of pL ∼ 10−3 for the
first level of telecorrection and needs more levels of concate-
nation to reach a smaller value of pL. Typically, 4 levels suf-
fice to attain pL ∼ 10−6 [13, 23]. In what follows, we make
an informed guess to justify the resource efficiency of HTQC.
1. The first level of telecorrection in HQQC needs approx-
imately 5.35× 103 hybrid-qubits (with α = 1.1) [25].
The number of hybrid-qubits incurred per operation, at
a particular level L, is given by the number of hybrid-
qubits consumed per error correction step at first level,
multiplied by number of operations needed at levels
2, . . . ,L [13]. Typically, error correction at first level
requires 1000 operations [10]. Here, we assume that
level 2,3 would require 100 operations and make re-
source estimation similar to that in Ref. [25] for first
level. Roughly speaking, adding another 3 levels would
cost N ≈ 8× 109 which shows that the HTQC is more
resource-efficient.
2. MOQC requires the following multi-mode optical re-
source states (upto normalization) for optimal loss-
threshold [26]:
|Z〉≡ |+〉⊗4 |+〉⊗4+|+〉⊗4 |−〉⊗4+|−〉⊗4 |+〉⊗4−|−〉⊗4 |−〉⊗4
∣∣Z′〉≡ |+〉⊗8 |+〉⊗8+|+〉⊗8 |−〉⊗8+|−〉⊗8 |+〉⊗8−|−〉⊗8 |−〉⊗8 ,
where |±〉 = (|H〉± |V〉)/√2. Using BI of success rate
0.5 and Bs of boosted success rate 0.75 on the supply
of Bell states, |Z〉 and |Z′〉 can be constructed. Let’s de-
note the n-mode GHZ state by |GHZn〉= |H〉⊗n+ |V〉⊗n
(upto normalization).
To generate |Z〉, we fuse |GHZ6〉 and |GHZ4〉 using
Bs with a Hadamard operation on the first mode of
the latter state. The resulting state would be equiv-
qlent to the |Z〉 upto local Hadamard operations. In
prior, the |GHZ4〉 is generated with two |GHZ3〉 using
a Bs’s. Thus, on average 2/0.75 number of |GHZ3〉
are needed. On the other hand, |GHZ6〉 is created
by fusing two |GHZ4〉’s using a Bs’s, which requires,
on average, (2/0.75)2 number of |GHZ3〉’s. Finally,
9|Z〉 needs, on average, 10.75
( 2
0.752 +
2
0.75
)
number of
|GHZ3〉’s. Each |GHZ3〉 can be generated using BI and
needs four Bell states, on average. Additionally, 8 Bell
states are spent for boosting the success rate of Bs [18].
Totally, 10.75
(
( 20.75 )
2+ 20.75
)×4+8≈ 60 Bell states are
consumed to generate |Z〉.
To generate |Z′〉, one needs to fuse |GHZ10〉 and
|GHZ8〉 using Bs with a Hadamard operation on the first
mode of the latter state. On average, (2/0.75)3 number
of |GHZ3〉’s are needed to generate a |GHZ10〉. Fol-
lowing the calculation carried out in the case of gener-
ating |Z〉, finally, 10.75
[
( 20.75 )
3 + 10.75
(
( 20.75 )
2 + 20.75
)]×
4+16≈ 187 number of Bell states are incurred to build
|Z′〉.
Following the procedure to calculate the resource cost
as per Ref. [25], first level of error correction needs
7.2× 104 Bell states. Arguing similar to the case of
HQQC, adding another 3 levels would cost N ≈ 2.7×
1014. Thus, HTQC is better than MQQC in terms of
resource efficiency.
3. For PLOQC, N ≈ 1.8× 105 just for the first level of
telecorrection [34], and making argument similar to
HQQC, resource incurred for 4 levels would be larger
by many orders of magnitude. Hence, HTQC is more
resource-efficient.
4. By extrapolating the suppression of pL with d, we esti-
mate d required to achieve the target pL ≈ 10−6(10−15)
using the expression [7],
pL =
a′
( aa′ )
(d−da′ )/2
, (E1)
where a and a′ are the values of pL corresponding to the
second highest distance, da, and the highest distance,
da′ , chosen for the simulation. For the topological pho-
tonic QC (TPQC), we can make resource estimation by
looking at Figs. 7(a) and (b) of Ref. [15].
First, we look into Fig. 7(a) of Ref. [15] that plots
pL against computational error rate and corresponds
to the case with no photon loss (qubit loss). Here,
a ≈ 0.065 (corresponding to da = 13) and a′ ≈ 0.059
(corresponding to da′ = 15). Using Eq. (E1) above, we
find that a |CL〉 of d ≈ 225 (621) is essential to attain
pL ∼ 10−6 (10−15). In TPQC, redundantly encoded
photons are used as a qubit in the |CL〉 and to maximize
the probability of the edge creation between the qubits.
To create an edge successfully, the entangling operation
is performed R times. On average, this requires a qubit
to consist of 2R+1 photons [15]. We know that a |CL〉
of side 5d/4 would have 6× (5d/4)3 qubits, on aver-
age. In TPQC the redundant encoded photons are con-
sidered as resources. Thus, the incurred resource over-
head in TPQC would be N = (2R+ 1)× 6( 5d4 )3. For
optimal ηth, R is set to 7 in TPQC [15], and we obtain
N ≈ 2×109 (4.2×1010) for d = 225 (621).
Next, we consider Fig. 7(b) of Ref. [15] where pL is
plotted against photon loss (qubit loss). We empha-
size that in this plot there is no computational error
introduced. Here, we have a ≈ 0.015 (corresponding
to da = 13) and a′ ≈ 0.01 (corresponding to da′ = 15).
Using Eq. (E1), it is found that |CL〉 of d ≈ 60 (162)
is essential to attain pL ∼ 10−6 (10−15). In this case of
TPQC we get N ≈ 3.8×107 (7.5×108).
Both the computational errors and the photon losses
are considered together for estimating resource over-
heads of all the other schemes. If both the factors are
considered for TPQC, the incurred resources would be
much more than 2× 109 (4.2× 1010) to attain pL ∼
10−6 (10−15). This means that HTQC offers a resource
efficiency better than that of TPQC at least by 3 orders
of magnitude. We note that considering only the factor
of photon loss would lead to an underestimation of the
resource overhead for TPQC.
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